We derive time evolution equations, namely the Schrödinger-like equations and the Klein-Gordon equations for coherent fields and the Kadanoff-Baym (KB) equations for quantum fluctuations, in Quantum Electrodynamics (QED) with electric dipoles in 2 + 1 d imensions. Next we introduce a kinetic entropy current based on the KB equations in the 1st order of the gradient expansion. We show the H-theorem for the Leading-Order self-energy in the coupling expansion (the Hartree-Fock approximation). We show a conserved energy in the spatially homogeneous systems in the time evolution. We derive aspects of the super-radiance and the equilibration in our single Lagrangian. Our analysis can be applied to Quantum Brain Dynamics, that is QED with water electric dipoles. The total energy consumption to maintain super-radiant states in microtubules seems to be within the energy consumption to maintain the ordered systems in a brain.
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The 2-Particle-Irreducible Effective Action and time evolution equations
We begin with the following Lagrangian density to describe Quantum Electrodynamics (QED) 116 with electric dipoles in 2 + 1 dimensions in the background field method [52] [53] [54] [55] ,
where A is the background coherent photon fields, a is the quantum fluctuations of photon fields, 118 F µν [A] = ∂ µ A ν − ∂ ν A µ is the field strength, the α 1 is a gauge fixing parameter, the m is the mass of 119 a dipole, the I is the moment of inertia, u i = (cos θ, sin θ) is the direction of dipoles, and 2ed e is the 120 absolute value of dipole vector. The variable θ represents the degrees of freedom of rotation of dipoles 121 in 2 + 1 dimensions. The dipole-photon interaction term −2ed e Ψ * u i ΨF 0i [A + a] has the similar form 122 to that in [27] . We shall expand the electric dipole fields Ψ and Ψ * by the angular momentum and 123 consider only the ground state and the 1st excited states in energy-levels. Then we can write them as,
in 2 + 1 dimensions. (In 3 + 1 dimensions, we might expand Ψ and Ψ * by spherical harmonics.) We 125 can rewrite the terms in the above Lagrangian as,
We also write the dipole-photon interaction term with electric fields F 0i = −E i by, 127 dθ2ed e Ψ * u i ΨE i = ed e dθ (E 1 − iE 2 )Ψ * e iθ Ψ + ( 
where the C represents the Keldysh contour [50, 51] shown in Fig. 1 , the spatial dimension d = 2, the 133 bar represents the expectation value · with the density matrix. The 3 × 3 matrix i∆ −1 0 (x, y) is defined 134 as,
for −1, 0 and 1, and the iD −1 0,ij (x, y) is written by,
where i and j run over spatial components 1, · · ·, d = 2 in 2 + 1 dimensions. The 3 × 3 matrix ∆(x, y) is, 137 ∆(x, y) =    ∆ −1−1 (x, y) ∆ −10 (x, y) ∆ −11 (x, y) ∆ 0−1 (x, y) ∆ 00 (x, y) ∆ 01 (x, y) ∆ 1−1 (x, y) ∆ 10 (x, y)
where ∆ −10 (x, y) = T C δψ −1 (x)δψ * 0 (y) with time-ordered product T C in the closed-time-path contour.
138
The Green's function of dipole fields ∆ −10 (x, y) is also written by 2 × 2 matrix ∆ ab −10 (x, y) with a, b = 1, 2 139 in the contour. The Green's function for photon fields D ij (x, y) represents,
Closed-time-path contour C. The label 1 represents the path from t 0 to ∞, and the label 2 represents the path from ∞ to t 0 .
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Finally we write time evolution equations for coherent fields and quantum fluctuations. The 2PI 141 effective action satisfies the following equations,
δΓ
due to the Legendre transformation of the generating functional. The Eq. (13) is written by,
with iΣ ≡ − 1 2 δΓ 2 δ∆ . The matrix of self-energy Σ can be written by diagonal elements, is written by,
with iΠ ≡ − δΓ 2 δD . The Eq. (15) is given by,
with,
The Eq. (20) represents the Klein-Gordon equations for spatial dimensions i = 1, and 2. The Eq. (16) is 152 written by, Eqs. (23), (24) and their complex conjugates give the following the probability conservation,
We shall define J 0 (x) as,
Then since we can use the Fourier transformedÃ 0 (q) is written byÃ 0 (q) ∝ (q iμ i )/q 2 with µ i =μ i δ(r), the electric field 161 E j = −∇ j A 0 (r) is proportional to q e iq·r q j q iμ i q 2 . If we can also apply the analysis in this section to the 162 case in 3 + 1 dimensions, we find E j ∝ ∂ j ∂ iμ i r . Then we obtain dipole-dipole interaction potential 
where the (0, 0) component of the matrix
It is convenient to introduce the Green's functions ∆ g,αα as,
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Then by using Eqs. (29) and (30), we can write ∆ α0 as,
The Eq. (31) means the propagation from y to x with zero angular momentum, change of angular 178 momentum at w, and the propagation from w to x with angular momentum α = ±1. By using Eq. (31), 179 we can rewrite Eq. (28) as,
The second term on the left-hand-side in Eq. (32) represents the propagation from y to w with zero 181 angular momentum, the change of the angular momentum to α = ±1 at w due to the coherent electric 182 fields, the propagation from w to x, and the change of the angular momentum from α = ±1 to zero 183 due to the coherent electric fields. In the similar way to φ 4 theory in open systems [71], we can derive,
where we have used,
The (α, α) components of the Kadanoff-Baym equations are written by,
and,
where we have used Eqs. (31) and (34).
188
Next, we shall perform the Fourier transformation ( d(x − y)e ip·(x−y) ) with the relative coordinate 189
x − y of the (0, 0) and (α, α) components of the Kadanoff-Baym equations. We use the 2 × 2 matrix 190 notation in the closed time path with a, b, c, d = 1, 2. The Eqs. (32) and (33) are transformed as,
192 i∆ ac
and the U αα (X, p) is the Fourier transformation,
with the definition of ζ and |E|,
The • is expanded by the derivative of X [59-64] as,
197
H(X, p)•I(X, p) = H(X, p)I(X, p)
with the definition of the Poisson bracket,
We find that the U αα represents the change of momenta of dipoles as shown in Fig. 2 (a) .
199
In a similar way to [71], in the 0th and the 1st order in the gradient expansion in Eqs. (37) and 200 (38), we can derive the following retarded Green's function,
with the retarded parts (the subscript 'R') ∆ 00,R = i(∆ 11 00 − ∆ 12 00 ), Σ 00,R = i(Σ 11 00 − Σ 12 00 ) and U αα,R = 202 i(U 11 αα − U 12 αα ). By taking the imaginary part of the retarded Green's function ∆ 00,R (X, p), we can 203 derive the spectral function ρ 00 = i(∆ 21 00 − ∆ 12 00 ) = 2iIm∆ 00,R (X, p) which represents the information of 204 dispersion relations. Similarly, the (α, α) components of the Kadanoff-Baym equations are written as,
where,
We can also write for ∆ cb g,αα (X, p) as,
In the 0th and the 1st order in the gradient expansion in Eqs. (46) and (47), we can derive,
Here we have used the solution in the 0th and 211 the 1st order in the gradient expansion in Eqs. (50) and (51) given by, 
Next we shall derive the self-energy in the Leading-Order (LO) of the coupling expansion in 218 Eq. (6). The (a, b) = (1, 2) and (2, 1) component of i Γ 2 2 are given by,
where T and L represent the transverse and the longitudinal part, respectively. The LO self-energy
By Fourier-transforming with the relative coordinate x − y and multiplying δ ij −
The second equation is due to the spatial dimension d = 2. Similarly, we arrive at,
The Fourier transformation of the LO self-energy iΣ 12 00 (x, y) = − 1 2 δΓ 2,LO δ∆ 21
Similarly,
This self-energy is shown in Fig. 2 (b) . Similarly we can derive,
Finally we derive a kinetic entropy current in the 1st order approximation in the gradient 230 expansion and show the H-theorem in the LO approximation in the coupling expansion. By taking a 231 difference of Eq. (32) and Eq. (33), we arrive at,
We use the Kadanoff-Baym Ansatz ∆ 12 00 = ρ 00 i f 00 , ∆ 21 00 = ρ 00 
with the definition of entropy current s µ matter,00 for (0, 0) component,
We can derive the Boltzmann entropy p [(1 + n) ln(1 + n) − n ln n] with the number density n(X, p) 243 in the quasi-particle limit ImU αα,R = ImΣ 00,R → 0 in the same way as in [58] . Similarly, we can derive 244 a kinetic entropy current for (αα) components. From Eqs. (46) and (47), we can derive
We use the Kadanoff-Baym Ansatz ∆ 12
2iImV αα,R . In Eq. (74), we can show,
for distribution functions f αα , γ αα , and γ V,αα by writing the (a, b) = (1, 2) and (2, 1) components in the 250 Kadanoff-Baym equations (74). We can also show,
from Eqs. (50) and (51). By using the above two equations, we arrive at,
with the definitions of entropy current s µ matter,αα for (αα) components,
In this derivation, we have used the same way as that in open systems in [71] . We can also derive the 254 following equations for the Kadanoff-Baym equations for photons with the Kadanoff-Baym Ansatz 
with the entropy current for photons, 
where we have used the inequality (x − y) ln x y ≥ 0 for real variables x and y with x > 0 and y > 0. The The statistical functions and parts are real at any time when we start with real statistical functions at 274 initial time. The spectral functions are given by taking the difference of (2, 1) and (1, 2) components 275 multiplied by i, namely ρ 00 = i(∆ 21 00 − ∆ 12 00 ). They represent the information of which states can be 276 occupied by particles in (p 0 , p) (dispersion relations). The spectral parts in self-energy are given by 277 taking the difference of (2, 1) and (1, 2) components multiplied by i (and written by the subscript ρ), 278 namely ∆ g,αα,ρ = i(∆ 21 g,αα − ∆ 12 g,αα ), Σ 00,ρ = i(Σ 21 00 − Σ 12 00 ), and so on. The spectral functions and parts 279 are pure imaginary at any time when we start with pure imaginary spectral functions at initial time. 280 We can use the real statistical parts labeled by the subscripts F and the pure imaginary spectral parts 281 labeled by the subscript ρ in self-energy in the time evolution. We use the subscript 'R', 'F' and 'ρ' to 282 represent the retarded, statistical and spectral parts in self-energy, respectively.
283
The Kadanoff-Baym equation for the statistical and spectral functions are given by,
ReU αα,R , F 00 + Re∆ 00,R , Σ 00, 
and longitudinal parts given by changing the label T to L in the above two equations (88) and (89).
290
We can write,
291
U αα,F (X, p) = (ed e ) 2 E(X) 2 ∆ g,αα,F (p + α∂ζ), U αα,ρ (X, p) = (ed e ) 2 E(X) 2 ∆ g,αα,ρ (p + α∂ζ),
V αα,F (X, p) = (ed e ) 2 E(X) 2 F 00 (p − α∂ζ), V αα,ρ (X, p) = (ed e ) 2 E(X) 2 ρ 00 (p − α∂ζ).
In case we start with initial condition E 2 (X 0 = 0) = 0, ∂ 0 E 2 (X 0 = 0) = 0 and symmetric Green's 292 functions for α → −α in spatially homogeneous systems, we can use ∂ζ = 0 in the above equations at 293 any times. We can write the self-energy as,
where we have omitted the label of the center-of-mass cordinate X in Green's functions and self-energy. 297 We find that the Π T, we increase the density of dipoles in this theory.
304
Finally, we show the energy density E tot . In the spatially homogeneous system in the 2 + 1 305 dimensions, we can derive ∂E tot ∂X 0 = 0 with the energy density given by, give temperature-dependent terms mT 2 for dipole fields 313 and ∝ T 3 for photon fields in 2 + 1 dimensions. The 5th term represents the potential energy in 314 processes in Fig. 2 (a) . The 6th, 7th and 8th terms represent the potential energy in processes in Fig. 2   315 (b). The coefficients in the 6th and 7th terms are not 1 3 but 1. Although the factor 1 might look like 316 a contradiction with the preceding research in [73, 74] which suggest that the factor 1 3 appears in the 317 interaction with 3-point-vertex, the factor 1 appears due to time derivative (∂ 0 ) 2 in self-energy for 318 dipole fields and photon fields. In this section, we show that our Lagrangian describes the super-radiance phenomena in time 321 evolution equations of coherent fields. We shall assume that all the coherent fields are independent of x 1 (dependent on x 0 and x 2 ). We also assume the symmetry for α = −1 and α = 1, namelyψ
323
∆ 01 = ∆ 0−1 , and ∆ 10 = ∆ −10 . We set initial conditions E 2 = 0 and ∂ 0 E 2 = 0 at x 0 = 0.
324
We define Z ≡ 2|ψ 1 | 2 − |ψ 0 | 2 . It is possible to derive the following equations from time evolution 325 equations (20), (23) and (24) with their complex conjugates for background coherent fields in Sec. 2.
We have used moderately varying spatial dependence |∇ 2 iψ −1,0,1 /m| |∂ 0ψ−1,0,1 |. We derive aspects 327 of the super-radiance and the Higgs mechanism in the above three equations. 
332
We shall consider only k 0 = 1 2I in this section, and we expand the electric field E 1 and the 333 transition rateψ 0ψ * 1 as,
We consider the following case,
Neglect non-resonant terms like e ±2ik 0 x 0 and quantum fluctuations (Green's functions ∆ 01 and ∆ 10 ) (the 336 rotating wave approximation). Then from Eqs. (99), (100), and (101), we arrive at the Maxwell-Bloch 337 equations,
We assume that , Z and R are independent of the spatial coordinate of the x 2 direction. We shall 339 change → i in the above equations, and assume real functions R = R * and = * . Then we can 340 write,
We find the conservation law with the definition
The relation ∂B ∂x 0 = 0 represents the probability conservation since we can rewrite B 2 = 343 2|ψ 1 | 2 + |ψ 0 | 2 2 by Eq. (103) and Z ≡ 2|ψ 1 | 2 − |ψ 0 | 2 . We also find the following conservation law,
which represents the energy conservation. By this relation, we might be able to estimate the maximum 345 energy density of electric fields,
in case there is no external energy supply. We derive the following solutions in Eqs. (108), (109) and
with ∂θ ∂x 0 = √ 2ed e and the constant B in a similar way to [76] . The θ(x 0 ) swings around the position 349 θ = π with the frequency Ω = ed e √ k 0 B in case we start with initial conditions at around θ 0 ∼ π 350 (|ψ 1 | 2 = 0), since we can rewrite Eq. (108) as
The B is the order of the number density of dipoles. 352 We introduce the damping term 1 L for the release of radiation and the propagation length L in 353 Eq. (108). We can write,
In κ = 1 L time derivative, we can neglect the first term in the above equations, then
The solution is,
and, In this section, we rewrite time evolution equations for coherent fields with only real functions. 363 We assume the spatially homogeneous case. We do not adopt the rotating wave approximation in this 364 section. We show how coherent electric fields E 1 are affected by Z = 2|ψ 1 | 2 − |ψ 0 | 2 .
365
In Eq. (101), the second derivatives of coherent fields on the right-hand-side is written by,
where we have used Eq. (100). As a result, we arrive at,
Re∆ g,11,R (X, p)F 00 (X, p) + ∆ g,11,F (X, p)Re∆ 00,R (X, p)
with the x 1 direction of the dipole moment (density) given by µ 1 = 2ed e ψ * 1ψ 0 +ψ * 0ψ 1 , F 11 (X, p) = 368 ∆ 21 11 (X,p)+∆ 12 11 (X,p) 2 , F 00 (X, p) = ∆ 21 00 (X,p)+∆ 12 00 (X,p) 2 , and ∆ g,11,F (X, p) = ∆ 21 g,11 (X,p)+∆ 12 g,11 (X,p) 2 . We have 369 assumed the self-energy Σ 00 = Σ 11 = 0 in deriving the time derivatives of ∆ 10 and ∆ 01 in Eq. (101).
370
Even if we include contributions of self-energy in Eq. (121), they are higher order O (ed e ) 4 in the 371 coupling expansion. We have neglected higher order terms in the gradient expansion for quantum 372 fluctuations. In Eq. (121), we leave the −(∂ 2 ) 2 E 1 term on the left-hand-side in the above equation 373 to compare with the sign of − 2(ed e ) 2 Z I E 1 term. We find the Higgs mechanism with the mass squared 374 − 2(ed e ) 2 Z I in the case of the normal population Z = 2|ψ 1 | 2 − |ψ 0 | 2 < 0. On the other hand, the tachyonic 375 instability appears in the inverted population Z > 0 in the above equation. Then the electric field E 1 will 376 increase exponentially until Z becomes negative. In Eq. (121), the second term on the right-hand-side is 377 proportional to 2F 11 − F 00 − ∆ g,11,F . Near equilibrium states, we might find F 00 > 2F 11 − ∆ g,11,F , where 378 statistical functions F 11 , F 00 and ∆ g,11,F are proportional to the Bose-Einstein distribution 1 e p 0 /T −1 plus 1 2 379 (with the Kadanoff-Baym Ansatz) with different dispersion relations p 0 ∼ p 2 2m for F 00 and p 0 ∼ p 2 2m + 1 2I (100), and the definitions of real functions µ 1 = 2ed e (ψ * 1ψ 0 +ψ * 0ψ 1 ), P = ied e (ψ * 1ψ 0 −ψ * 0ψ 1 ), and 390 Z = 2|ψ 1 | 2 − |ψ 0 | 2 , we can also derive,
We can show ∂ 0 (2|ψ 1 | 2 + |ψ 0 | 2 ) = 0 by using these three equations. In these equations with initial entropy production occurs. Entropy production stops when the Bose-Einstein distribution is realized 431 in the dynamics of Kadanoff-Baym equations. 432 We can also derive the energy shifts in dispersion relations due to nonzero electric fields by using 433 the retarded Green's functions in Sec. 3. The 0th order equations for retarded Green's functions are 434 given by, 435 p 0 − p 2 2m + 2(ed e ) 2 E 2 1 ∆ g,11,R ∆ 00,R = −1, p 0 − p 2 2m − 1 2I ∆ 11,R + (ed e ) 2 E 2 1 ∆ 00,R ∆ g,11,R = −1, with ∆ g,11,R = −1
. Multiply p 0 − p 2 2m − 1 2I , take the imaginary parts in the above equations, and 436 remember the imaginary parts of retarded Green's functions are the spectral functions, then we find, 437 W ρ 00 ρ 11 = 0,
By setting determinant |W| to be zero, we find the following solutions for dispersion relations,
Here we assumed the symmetry for α = ±1 for Green's functions, and zero self-energy Σ 00 = Σ 11 = 0.
439
We find how electric fields shift two energy levels 0 and 1 2I . The above energy shift is similar to the 440 energy shift given in [27] in 3 + 1 dimensions due to nonzero electric fields.
441
In Sec. 5.1, we have derived the super-radiance from time evolution equations for coherent fields. When we multiply the volume of all microtubules (MTs) in a brain,
449
V MT = π × 15nm 2 × 1000nm × 2000 MTs/neuron × 10 11 neurons/brain = 1.4 × 10 −7 m 3 , we can arrive at, 450 1 2 2 max V MT = 0.41 J = 0.1 cal.
If we maintain our brain 100 sec without energy supply, we need at least 0.1 × 451 10 −2 cal/s or 86 cal/day to maintain the ordered states of memory. We can compare 452 86 cal/day with 4000 cal/day = 2000 kcal/day × 0.2 (energy consumption rate of brain) × 453 0.01(energy rate to maintain the ordered system). The 86 cal/day is within the 4000 cal/day, which is consistent with our experiences. In this derivation, we have used coefficients in 2 + 1 dimensions 455 and the number density of water molecules in 3 + 1 dimensions.
456
In Sec. 5.2, we have derived time evolution equations for electric field E 1 . The Higgs mechanism 457 appears in this equation in normal population Z < 0. As a result, the dynamical mass generation 458 occurs with the maximum mass Ω Higgs = 2ed e √ k 0 B = 30k 0 where the number density of dipoles 459 is B = 2|ψ 1 | 2 + |ψ 0 | 2 = N V . The period is 2π/Ω Higgs = 1.3 × 10 −13 sec. In normal population
